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ABSTRACT

A continuous time dynamic control system of the ‘Level IV Fugacity Model’ is presented and applied to 

selected organic chemicals in evaluative environments system. In order to illustrate the numerical solution 

by this model a discretization is used to calculate the fugacity, concentration and fugacity settling time for a 

set of three insecticides applied in a hypothetical three compartmental environmental system. The model 

employs the fugacity concept and treats three bulk compartments: air, water and bottom sediment. Input to 

he model consists of a description of the environmental, the physical-chemical and reaction properties of 

the chemical, and emission rates. Expressions in matrix form are included for emissions, advections, 

reactions, and inter-phase transference. An algorithm to determine the values of the fugacities, 

concentrations and fugacity settling time is given.
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INTRODUCTION

The objective of this work is develop a numerical solution from ‘Level IV Fugacity Model’ [1] by a 

continuous time dynamic control system and apply this solution in a simulation of three well-known 

insecticides emitted in a hypothetical three compartmental environmental system. Thereby, is necessary to 

present a formalism of the ‘Level IV Fugacity Model’ through a dynamic control system. The ‘Level IV 

Fugacity Model’ for an ecosystem constituted by compartments the fugacities change with the time in 

response to emissions and they are determined by a continuous time dynamic control system describing the 

total bulk mass balance of the substance.



We will describe as the solution of the ‘Level IV’ can be outlined as a discrete dynamic control 

system, obtained to discrete a continuous dynamic system. We will use this model and their solution to 

simulate the kinetic of the insecticide chlorpyriphos; methyl parathion and trichlorphon in a three bulk 

compartmental system constitute by air, water and bottom sediment. In this environment, the equations of 

the mass balance are obtained supposing that the fugacities are not in steady state, that it is known a finite 

number of emissions and that there are inter-phases transfers, reactions and advections flows of the 

substances.

The fugacity is a thermodynamic magnitude related to the chemical potential and characterised by 

the leak trend of a substance in a compartment [2-3], The fugacity expresses the chemistry activity of a 

substance and has been applied mainly in thermodynamic problems implicating equilibrium among phases.

Mathematical models based on the thermodynamic theory of the fugacity are outlined frequently by 

a linear system of equations describing the bulk balance of a chemical substance in an ecosystem 

~ onstituted by compartments. Thus, when all fugacities are equal and constant in all compartments the 

concentrations are evaluated directly, this case corresponds to the well-known ‘Level I Fugacity Model’ or 

‘Level II Fugacity Model’ if in addition there are reactions and advections. ‘Level III Fugacity Model’ 

supposes that the distribution of the substance is not in equilibrium and that each fugacity can have 

different values, which are determined by a linear system of equations when there are reactions, advections, 

emissions and transfers of the substance among compartments in stationary state [4-5], In addition, there is 

another model describing the unsteady state behaviour of a substance in the environment, which permits to 

observe substances whose emissions vary with the time and to determine the time in which the system 

reaches the steady state. This last model, known as ‘Level IV Fugacity Model’, is usually described by a 

system of differential equations.

The fugacity models and its classification in levels of sophistication are due the work of Mackay 

1], The fugacity nomenclature that we will use in this work is the original papers of Mackay and Paterson 

[1-2].

Some non-stationary models for the study of the kinetic of a substance in the environment have been 

proposed for the analysis of the fugacities changing with the time (see [6 -8 ]), but it seems that none of them 

presents a mathematical formalism through control theory.

NOTATIONS AND DEFINITIONS

The distribution of a small quantity of a chemical substance between two compartments denoted by the 

indices i and j , respectively, under equilibrium fugacity, constant temperature and pressure, yields

constant concentration ratios between these two compartments. The partition coefficient k tJ of the

substance between two compartments is then defined as the quotient k { - — Q  /  C , of the concentrations of

the substance in each one of the compartments.



The relationship between the fugacity and the concentration is given by Cf = Zif i , where Ci is the

concentration in mol ■ m~J, f i is the fugacity given in Pascal (Pa) and the constant of proportionality
_2  |

Zi is the capacity of fugacity in mol • m ■ Pa . The estimate of the capacity of fugacity Zi of a 

substance in a compartment i depends on the nature of the compartment and of the partition coefficient of 

the substance in this compartment. Furthermore, the partition coefficient k y , under equilibrium fugacity

is determined by the quotient between Z i and Z  -, that is, k tj = Z- /  Z  -, consequently,

~ kijZ j

In the air, the fugacity of a substance is equal to their partial pressure the one which can be 

expressed in terms of the concentration in the air Ca and by the equation of the ideal gas given by

^ f a = CaRT°, where R = 8.314Pa ■ m ■ m ol~l is the gas constant and T° is absolute temperature in

°K . Consequently, the capacity of fugacity of the air is given by Za = 1 /RT° .

The fugacity of a substance dissolved in water is approximated by its partial vapour pressure, the 

one which is proportional to its concentration in water, that is, f w =  H C W, where C w is concentration in

water in mol ■ m  ̂ and H  is Henry’s constant in Pa ■ n f  • mol~l .

Henry's constant in Pa ■ m J ■ m ol 1 can be defined as H  — (Pv • W m ) /  S o l , where Pv is the 

partial vapour pressure in P a , Wm is the weigh molecular in g -m o l~ l and S o l  is the aqueous

_^
solubility in g ■ m . Consequently, the capacity of fugacity of the water is given by Z w = 1 / H .

For the bottom sediment, the concentration of a substance Cs  can be expressed using the

coefficient of adsorption kd in m3 - kg 1, the concentration of the substance in the water Cw and the

_?
density of the bottom sediment p s in kg  ■ m , such that, Cs = p sk dC w. In equilibrium, the fugacity of 

the substance in water f w is equal to the fugacity of the substance in bottom sediment f s , that is, 

f s =  H C W. Therefore, f s can be written as f s — (H  / p sk d )CS. Consequently, Z s values for the 

bottom sediment is given by Z s =  (kdp s) /  H  .

The solubility is related empirically with the organic carbon water partition coefficient koc (see [9]) 

by the expression

log i o ( ^ J  =  3 .6 4 -0 .5 5 1 o g 10(5'o/) ( 1 )

This relation can be used to determine the value of kd, where kd = (oc ■ koc) / 100 and oc is the content 

volumetric of organic carbon in the bottom sediment.



The capacity storage of a compartment i is determined by ViZ i , where Vi and Z . are, respectively, 

the volume and the capacity of fugacity of compartment i . In this work, the values of the indices i = 1 2 

and 3 represent, respectively, air, water and bottom sediment.

The reaction process is supposed as a first order processes where the reaction constant rate is ri , in

min 1, and the reaction component for each compartment i is ^'YiZ if i .

The advection flow in a compartment i can be introduced in the model as a first order process. In 

fact, the advection can be considered as a constant speed defined as the algebraic sum between the entry 

flow G iC Bi and the exit flow GiC i or in terms of fugacity as GiZ if i , where G { is the matter flow in

n f  ■ min 1 entering into compartment i with concentration CBl and leaving this compartment with 

concentration C f .

When there is a gradient of fugacity between two compartments i and j  results a flow of the 

substance in the direction of this gradient. The flow of substance is the product of the difference (J'i — f -) 

by transfer coefficient d i}- between these two compartments. The coefficients of transference and d ji 

are positive. The differences ( f t — f  -) are positive or negative, depending on the direction on the transfer, 

determined by the relative values of f i and f - . In this work we are suppose that d i}- — d j t .

The emissions in the compartment i , as function of the time in m ol-m in -1, are denoted by 

E t = E t(f)  . In this position we are supposing that there is not any effect of dilution, that is, the volume Vi 

of each one of the compartments is constant.

LEVEL IV FUGACITY MODEL BY A CONTINUOUS CONTROL SYSTEM

For simples hypothetical ecosystem constituted by air (/ =  1) , water (i =  2) and bottom sediment (i = 3 ),

under unsteady state condition or ‘Level IV Fugacity Model’, the fugacities are functions of the time and 

they can be determined by the system of ordinary differential equations. The variation rate of the fugacity 

in the time, for each one of the compartments, is then calculated using the total bulk mass balance, which is 

described by the following system of ordinary linear differential equations

= El + GlCm + d 2lf 2 — (GlZl + d u  + ry xZ ^)fx (2)

Ji*
V2Z 2 —f-  = E2 + G2CB2 + dl2f x + <̂ 32̂ 3 ~  (G2Z 2 + ^ 2 1  + ^23 + r2 ^2 ^2 )f2 0 )  

d t 

V^  =  £ 3  + G2Cm  + d 2J 2 -  (G 3 Z 3  +  d n  + r2V3Z 3 ) / 3 (4)
dt

where = f t( t) ,  and the initial condition (0) = , for i — 1, 2, 3 .



The solution o f the equation system (2), (3) and (4), for each value of t , the values o f the fugacities

= are multiplied by the capacity o f fugacity Z- to determine the value o f the concentration

C- = C i(t)  of the substance in air, water and bottom sediment.

The system expressed by equation (2), (3) and (4) can be written in matrix form as the following 

continuous time control system

f  =  A - f ( i )  +  I - u ( 0

where the matrix A  and I  are, respectively, given by

(5)

A =

—(GtZi + dn  + q ^ Z 1) cl-ii

V&.
0

cL12 (G2Z2 +<̂ 21 +̂ 23 + ̂ 2 ̂ 2 ̂ 2) 32

f 2 z ,

0

r 2 z 2

23

K Z ,

f 2 z 2

F3 Z 3

and I  =

1  0  O' 

0  1  0  

0  0  1

. The vectors f  =  f ( Y ) , f  =  f ( / )  and u  =  u(7 ) are, respectively, f  =

dt

d f2
dt

d h
d t

m =

m

f i i t )

m

and u ( /)  =

E\ +  G\CB\ 
V\ZX

E 2 + G 2CB2 

V2Z 2

E 3 + G3C B3
F3 Z 3

. Where the variable u  is the control vector, f  is the

fugacity derivative vector and f  is the state vector of fugacities.



In the control systems theory, the control vector is a variable to be chosen in order to be maintaining 

the state vector in wished values. In this work, the variables o f control are the emissions of the chemical 

substances.

NUMERICAL SOLUTION

The equation (5) admits the following integral solution in interval [0, /] ,  (see [10] for details),

t
f(0  = exp(Af) ■ f(0) + J exp(A • ( t - z ))-1 • u (z)dz (6)

o

Let m  be the number of emissions and let T  be the time interval between each emission, without 

losing of generality we are supposing that the time interval between each emission is the time unity, that is, 

s ~ T  =  1. Discretizing the equation (6), for each t  — k , where k  =  0 ,1 , 2 , ( m — 1) we have

f  (& +1) = W • i(k) + H • u(£) (7)

l
where W  =  exp(A), II  = j Qxp(Az)dz and z = 1 - 1.

o

We are supposing that the emissions Ei = Ei(t) and consequently the vectors U =  ll(?) are 

constant in a given interval between any two consecutive instants o f emissions, that is, u (t) = u(k) , for 

k <t <k + 1 .

Thus, if  the emissions E((k) are known, and consequently the control vectors ll(&), then, it is 

possible to compute the fugacities and the respective concentrations in these times for each one o f the 

^compartments air, water and bottom sediment using the equation (7). Note that u(A:) =  0 for all k > m  

and in this case the system (5) is determined by

f(£ + l) = W -f(£) (8)

Algorithm to compute the fugacity, concentration and fugacity settling time

The fugacity settling time, is defined, as the time required for the fugacity values stay within a range of the 

fugacity equilibrium. The fugacity settling time can be conceived as the required time so that the system 

arrives and stays within a range of the equilibrium point. The following algorithm can compute it.

The computation of the matrices W and H when the matrix A is known can be accomplished by 

the mathematical scientific package MATLAB [11], which calculates the exponential o f a matrix through 

Pade’s approximations with the function expm using the command [W , H ] = c2d(A, 1 ,1) .



Algorithm 1 (A pseudo-code algorithm to compute the settling time).

Begin

Compute the matrices W and H by [W,H] = c2d(A, 1,1)

For k  =  0 until (m — 1) calculate 

Begin

f  (& +1) = W • f  (k) + H • u(£)

For i = 1 until 3 compute C ((k )  =  Z ^ i k )

Let tol > 0 be a tolerance of the origin. For k  > m  compute 

f (k  + 1) =  W ■ f (k )  +  H • u(£) until max I If t (k  + 1) - / , ( k  +1)1 \< tol
1j7=1»2,3 1 J  I ’

For 7 = 1 until 3 compute C ,(k )  =  Z if i{k)

End;

End.

The first value of ks —k,  for which the inequality of Algorithm 1 is satisfied, determines the 

fugacity settling time ts = ks with the value of tolerance to l . The tolerance value can be established from 

the limits of chromatography substance detection in the compartments.

NUMERICAL SIMULATIONS

We have selected three well-known insecticides, chlorpyriphos, methyl parathion and trichlorphon to verify 

our model. We take arbitrarily an environment consisting of air, water and bottom sediment whose 

dimensions are presented in Table 1.

Table 1: Physical characteristic of the system air, water and bottom sediment.

Dimensions Air Water Sediment

Volume (m ) 106 2.0xl03 103

Density (kg ■ m  )
---- ---- 1.2xl03

Organic carbon ---- ---- 3.0 %

In this system, we apply independently in the air one mol of chlorpyriphos, methyl parathion and 

trichlorphon, during sixty minutes, that is, for each insecticide E ^ k )  = ( 1  /  6 0 )m o l ■ m ir f1 and

E2(k) = E3(k) =  0 with k  = 0 ,1 , 2, 59 . In all the calculations, the interval of time between each

_g _i
emission is of one minute and tol = 1 0  Pa ■ min



The physical and chemical properties of these three insecticides, necessary for the simulation with 

Algorithm 1 are presented in Table 2 and its compilation is had to the work of Yenigün and Shtorink [12], 

Table 2: The physical and chemical characteristics o f the three simulated insecticides.

Insecticides Molecular weigh 

( g - m o r 1)

Solubility 

(.g-mol~x)

Vapour pressure

Pa
K c

Chlorpyriphos 350.57 2 2.4x1 O'3 2980

Methyl parathion 263.23 55 1.3xl0'3 480

Trichlorphon 257.44 1.54xl04 l.OxlO"3 20

For each one o f the insecticides o f Table 2, there is a numerical value to the coefficient of 

transference of substance between the air and the water and between water and the bottom sediment. These 

“ coefficients are presented in Table 3, which are the originals work o f Zitko and McLeese [13]. The k oc 

values were estimating by equation (1).

Table 3: Coefficient of transference in mol • min~l • P a 1.

Insecticides Air <-> Water Water <-> Sediment

Chlorpyriphos 1.06 4.16

Methyl parathion 1.25 71.62

Trichlorphon 1.25 1271.45

According to Zitko and McLeese [13], the reaction rate constants in min 1 of the three insecticides 

simulated have its values presented in Table 4.

Table 4: The constant reaction rate in the respective compartments (min~l).

Insecticides Air Water Sediment

Chlorpyriphos 4.77X10-4 3.80x10^ 2.85xl0 '5

Methyl parathion 4.77xl0"4 3.80x10‘4 2.85xl0 '5

Trichlorphon 1.90x10^ 1.90x10^ 1.90x10’5

With these dates, with the fugacity model by dynamic control system and the Algorithm 1, we can 

evaluate, during and after finished the emissions, the values o f the fugacities and concentrations of three 

insecticides in the air, water and bottom sediment. Furthermore, they can determine the needed time to 

stabilise the fugacity, that is, the fugacity settling time. In this example the air is the only one compartment 

that is receiving emissions. We consider that the advections flows are calculated by expression

^  0.693K
= ------------ and that C Bi are nulls for each one of the insecticides.



Figures 1-6 show, respectively, a typical result o f the ‘Level IV Fugacity Model5 by a dynamic 

control system, the evolution o f the fugacity and the concentration o f the chlorpyriphos, methyl parathion 

and trichlorphon simulated by the Algorithm 1.

The fugacity settling time, ts , determined by Algorithm 1 for the insecticides chlorpyriphos, methyl

parathion and trichlorphon are, respectively, 115,200; 64,800 and 7,200 minutes. With each one o f these 

times we are able to begin the distribution analysis o f the insecticides in the compartments air, water and 

bottom sediment using ‘Level I, II or IE ’.

Time (minutes) -»-Air - h  W ater Sediment

Figure 1. Fugacity o f chlorpyriphos in air, w ater and bottom  sedim ent before and 
after the em issions, obtained by Algorithm 1.

Time (minutes) -»-Air H-W ater -^-Sediment

Figure 2. Concentration o f chlorpyriphos in air, w ater and bottom  sedim ent before 
and after the em issions, obtained by Algorithm 1.



Finished the emissions after 60 initial minutes, we observe from Figures 1, 3 and 5, that the 

fugacities decrease in all compartments until reach levels of equilibrium with fugacities values around

10^ Pa.

Time (minutes) -*-Air -|-W ater -^-Sediment

Figure 3. Fugacity o f  m ethyl para thin n in air, w ater and bottom  sedim ent before and 
after the em issions, obtained by Algorithm  1.

Time (minutes) -*-Air -(—Water -*-Sediment

Figure 4. Concentration o f m ethyl parathion in air, w ater and bottom  sedim ent 
before and after the em issions, obtained by Algorithm  1.



Time (minutes) -*-Alr -(-W ater ^ S ed im en t

Figure 5. Fugacity o f  trichlorphon in air, w ater and bottom sedim ent before and  
after the em issions, obtained by Algorithm 1.

Time (minutes) -*-Air Water Sediment

Figure 6 . Concentration o f trichlorphon in air, w ater and bottom sedim ent before 
and after the em issions, obtained by Algorithm 1.

From Figure 2 and Figure 4, respectively, we can observe that the concentrations of the 

chlorpyriphos and methyl parathion in air decreases abruptly while increase in bottom sediment. In each 

figure, simulation conditions and the properties of chlorpyriphos and methyl parathion can explain the 

slope of the curves. In Figure 6, we can observe that the concentration of trichlorphon present maximum 

values in water. Further, the accumulation of the chlorpyriphos and methyl parathion in the bottom 

sediment is related to the adsorption properties of these insecticides and the accumulation of trichlorphon in 

water is related to their solubility in water. The compounds are apply only in the air and then there are 

transfers from the air to the water and finally to the bottom sediment.



CONCLUSIONS

We have modelled the unsteady state fugacity model by a dynamic control system in continuous time by 

equation where the state vectors are the fugacities and the control vectors are the emissions. The 

corresponding discrete time model permits to outline a very simple numerical solution without losing the 

coherence with the real physical problem. The examples that we present in this work illustrate the 

utilisation o f the ‘Level IV Fugacity Model’ by a dynamic control system determining the fugacity settling 

time by Algorithm 1. These results suggest how this model can be used in the determination o f the more 

vulnerable environmental compartment to a chemical compound or, more extensively, how to decide 

among many compounds which one needs a better environmental analysis.

For example, the simulation of the methyl parathion by the model indicates that is more likely to 

find this substance in the bottom sediment then in the air or water after finished emission. Thereby, we 

should be accomplished ecotoxicological studies in the organisms of the bottom, while the study of the 

richlorphon suggests that we are accomplished ecotoxicological analysis in the water.

It is possible to demonstrate that, independently o f  the number of compartments, the ‘Level IV 

Fugacity Model’ modelled by a dynamic control system has the same mathematics properties o f the system 

air, water and bottom sediment simulated in this work.

The ‘Level IV Fugacity Model’ by a dynamic control system is clearly valid for assessments risk 

analysis o f a substance in the environment, for example, useful to determinate the necessary time so that the 

system arrives and remains in steady state.

It is possible to demonstrate mathematically that the system of discrete control defined by the par 

(W, H) is a nonnegative system, that is, the components o f the matrixes W and H are not negative. A 

practical consequence of this result is that we can deduce that if we apply controls not negative and the 

initial conditions are always not negative we obtained state vectors that in our problem are the fugacities, 

/vtith not negative values. In future we will study the stability and the properties o f nonnegativity of this 

model.
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