
Abstract A simple method for predicting surface irriga-
tion advance trajectories using infiltration parameters and
inflow rate as inputs was developed. The difference
between the inflow rate and the sum of infiltration rates
over the wetted portion of the field equals the flow rate
available for advance. An average (characteristic) infiltra-
tion rate ahead of the wet portion is computed using a fixed
time step. An advance step (for a fixed time step) is calcu-
lated from the ratio of the flow rate available for advance
and characteristic infiltration rate. Predictions of advance
by the proposed method were compared with field obser-
vations, with the kinematic wave model, and with analyt-
ical solutions of Philip and Farrell (1964). In all cases, the
method provided predictions that were in good agreement
with field observations, and performed similarly to the kin-
ematic wave model. The method offers a simple and effi-
cient tool for prediction and evaluation of surface irriga-
tion systems under various soil types and variable inflow
rates. The method is particularly useful for predictions in
fields with spatially and temporally variable intake prop-
erties.
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Introduction

The performance of surface irrigation systems is strongly
influenced by nearsurface soil hydraulic properties, espe-
cially those affecting water intake or infiltration rates. An
important characteristic of surface irrigation is the over-
land conveyance of irrigation water during the advance
phase from the inlet to the end of a field. Ideally, shorter

advance times result in more uniform irrigation applica-
tion, due to a smaller spread in intake opportunity times
across the field. In practice, however, the advance phase
may be long, due to constraints of supply system or soil
properties (e. g., high infiltration rates), which result in dif-
ferences in intake times and in application depths. These
make prediction of advance times one of the most impor-
tant factors in determining the performance of surface ir-
rigation (e. g., uniformity and efficiency) during an irriga-
tion event.

Several models are available for predicting advance
times, most of which are based on numerical solutions of
overland flow models (e. g., kinematic wave, zeroinertia,
etc.), or a detailed volume balance. A review of most avail-
able models may be found in Walker and Skogerboe (1987)
and Shayya et al. (1993). There are also a few analytical
equations for describing the advance phase (Lewis and
Milne 1938; Hall 1956; Philip and Farrell 1964) and other
phases (Strelkoff 1977). The potential usefulness of ana-
lytical solutions for solving practical problems may have
been overlooked by practitioners. The computational bur-
den and skills, and the large number of parameters required
by most numerical models are not always warranted, es-
pecially when considering the large uncertainties in field-
determined parameters. For many practical problems a rea-
sonably-accurate prediction of the advance phase provides
most of the information needed for design and manage-
ment.

The objectives of this study were: (i) to develop and test
a simple method for obtaining predictions of advance from
intake parameters and inflow information only; (ii) to eval-
uate the usefulness of analytical solutions for advance
which require intake information only; and (iii) to propose
a scheme for updating infiltration parameters with changes
in initial and boundary conditions or soil properties.
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Theoretical considerations

Prediction of advance rates

The advance rate during an irrigation event is influenced
by: the inflow rate, surface slope and roughness, hydraulic
cross section, and soil infiltration properties. Focusing on
typical surface-irrigated fields having mild slope and rel-
atively smooth surfaces, the soil infiltration rate (i [LT–1]),
and inflow rate per unit of width (qin [L2T–1]), are the most
important factors in determining advance rates (Walker and
Skogerboe 1987). The approach we propose for predicting
advance rates is based on these two attributes as the only
inputs, and neglects surface storage and other parameters.

We focus on furrow irrigation with a constant inflow
rate at the inlet, however, the discussion applied to other
surface irrigation systems. The proposed approach is based
on equating the difference between the inflow rate and the
convolution-integral of infiltration rates over the furrow’s
wetted portion to the “runoff” rate (qadv [L2T–1]) available
for advance into the dry portion. An average infiltration
rate, (iavg) ahead of wetting (on the dry portion) for a fixed
time step, ∆t, is computed according to:

(1)

The advance step at time t (for a fixed ∆t), is computed ac-
cording to:

(2)

where x(t) denotes the total length of the wetted portion,
i(x,t-ts) is the infiltration rate at each wetted segment of
the furrow, and t-ts is the elapsed time since wetting. Each
wetted segment is characterized by an advance step ∆xi and
by the elapsed wetting time ti = (t-ts). In other words, the
potential “runoff” rate (for a fixed ∆t) satisfies an average
infiltration rate (iavg) over the finite length ∆xi only. The
length of ∆xi is determined by iavg and by available “run-
off” rate. This concept is equivalent to a differential form
of Lewis and Milne’s (1938) equation ignoring surface
storage. Because quantities are expressed as time rates,
mass balance violations are relatively small, thereby re-
ducing the error introduced by neglecting surface storage
which is now a differential quantity. Note that the proposed
method (Eqs. 1 and 2) is independent of any particular form
of infiltration equation.

Infiltration parameters under intermittent applications

Infiltration of irrigation water into the soil may be de-
scribed by several algebraic infiltration equations. The
most common for surface irrigation applications is the Kos-
tiakov-Lewis equation, which was originally proposed by

∆x

in

x t

avg
i

q i x t ts dx

i
=

− −∫ ( , )
( )

0

i t
i dt

tavg

t

( ) .∆
∆

∆

=
∫
0

Lewis (1937) but is erroneously attributed to Kostiakov
1932 (see a recent discussion by Swartzendruber 1993), is
given by:

(3)

where I is cumulative depth of infiltration (or the volume
of water per unit soil surface area), t is elapsed time, k and
a are empirical parameters, and i = dl/dt is the infiltration
rate. The shortcomings of this empirical equation are: (1)
it disregards different initial water contents; and (2) for
long infiltration times it erroneously predicts a zero infil-
tration rate. The latter problem was fixed by adding the pa-
rameter f0, a parameter representing the infiltration rate af-
ter very long elapsed times. The “modified” Kostiakov-
Lewis equation is then: I = kta+tf0 and i = akt(a–1)+f0.

Another infiltration equation with a form similar to the
“modified” Kostiakov-Lewis, but with physically-signifi-
cant parameters, was derived by Philip (1957 a):

(4)

where S is sorptivity which is a function of initial (θi) and
boundary (θ0) water contents, S = S(θ0, θi), and A is a pa-
rameter related to saturated hydraulic conductivity, Ks,
(Ks/2≤A≤2Ks/3). Though both equations (3) and (4) may
be used in the proposed model, Philip’s equation has the
advantage that its parameters can be adjusted to changes
in initial water contents or in other soil hydraulic proper-
ties (Samani and Yitayew 1989; Silva 1995).

A rational basis for adjusting the infiltration parameters
becomes a focal point for obtained predictions of advance
rates when water is applied intermittently (such as prac-
ticed in surge flow irrigation). Walker and Humpherys
(1983) presented an interpolation scheme to account for
changes in modified Kostiakov-Lewis parameters with the
number of surges applied. The limitations of their ad-hoc
scheme were acknowledged by Walker and Humpherys,
who stressed the need for a more comprehensive and phys-
ically-sound approach.

Although the parameters in Philip’s (1957 a) equation
may be adjusted for different soil types or different initial
conditions, such updating requires more information on
soil hydraulic properties than is usually available.

Let us first consider the sorptivity, S(θ0, θi), and its de-
pendency on initial water content (Philip 1957 b). The sorp-
tivity is directly related to the soil diffusivity, D(θ), which,
in turn, is dependent on unsaturated hydraulic conductiv-
ity and soil retentivity (i. e., D[θ] = K[h]dh/dθ, where h is
the soil matric potential). The parametric model of Brooks
and Corey (1964) for soil hydraulic properties given as 
(θ-θr)/(θs-θr) = (hw/h)β, and K(h) = Ks(hw/h)η; where θs and
θr are saturated and residual water contents, hw is bubbling
(or critical) pressure, and β and η are fitting exponents,
yields soil diffusivity as a power function:

D (θ) = D0 (θ0 – θ)B (5)

where B = (η-β-1)/β and D0 = Kshw(θs-θr)
-B-1/β (Russo and

cumulative I St At rate i St A: := + = +
−1

2
1
21

2

cumulative I kt rate i dl
dt

akta a: := = = −1

160



Bresler 1980). The sorptivity may then be estimated as
(Parlange et al. 1993):

(6)

The dependency of S on initial water content is particu-
larly important for predictions under intermittent water ap-
plication (surge flow).

The dependency of parameter A on initial water con-
tent is small (Philip 1957 c), and for most practical pur-
poses may be neglected assuming a constant value for
A≈Ks/2 (Parlange, 1977). This is not to say that A does not
change; however, most of the changes in A (or in “long
time” infiltration rates) may be attributed to changes in
near-surface soil hydraulic properties, especially changes
in the saturated hydraulic conductivity Ks (Samani and
Yitayew 1989; Silva 1995). These changes occur mostly
during the first irrigation (when soil surface is least stable)
due to changes in soil’s pore space. The key for predicting
such changes in Ks or A is to relate them to changes in
other measurable soil physical properties, such as near-sur-
face soil porosity (φ). A methodology for obtaining pre-
dictions of changes in pore space induced by cycles of wet-
ting and drying was outlined by Silva (1995). These may
then be converted to changes in Ks (and the A parameter),
using Kozeny-Carman’s or Millington and Quirk’s formu-
lae (Scheidegger 1957).

Methods

Tests of proposed advance model

Experimental data collected by Elliott (1980) and others were used
to compare the proposed method for predicting advance rates, under
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Fig. 1 Estimated infiltration
parameters for Philip (Eq. 4)
and Kostiakow-Lewis (Eq. 3)
equations using modified Kos-
tiakov-Lewis parameters for
Flowell wheel-furrow data as
input
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continuous and intermittent water application. A numerical model
developed by Walker and Humpherys (1983) which employs the kin-
ematic wave approach was solved for several case studies (based on
parameter availability) and was used for comparisons. The infiltra-
tion parameters in all data sets used in this study were in the form of
modified Kostiakov-Lewis equation. A short computer program was
written to implement Eq. (2) (copies of the program are available
upon request).

Philip and Farrell (1962) have proposed analytical solutions to
the Lewis-Milne integral equation using several infiltration equa-
tions. Two of their solutions, which ignore the surface storage, were
chosen for the comparisons. One analytical solution is based on
Philip’s equation which predicts the length of the wetted portion 
as:

(7)

where q is the inflow rate per unit of width; the other is based on the
Kostiakov-Lewis equation:

(8)

where Γ () is the Gamma function. Both solutions were programmed
into a worksheet (Quattro-Pro by Borland, Inc.) using built-in func-
tions and requiring minimal computer time. Since infiltration param-
eters in all data sets used for this study were reported in the modi-
fied Kostiakov-Lewis form, a nonlinear regression was employed to
estimate an equivalent set of parameters for Philip’s and the Kostia-
kov-Lewis equations. The original parameters of the modified Kos-
tiakov-Lewis equation were used to generate a set of infiltration data
to which Philip’s and Kostiakov-Lewis equations were fitted. Fig-
ure 1 depicts the procedure for Flowell wheel furrow data (Walker
and Humpherys 1983).

Advance model – intermittent applications

For intermittent applications (surge flow), use of the proposed up-
dating scheme for infiltration parameters according to changes in in-
itial water content (Eq. 6), was not possible due to lack of data. In
order to facilitate comparisons, we opted for a scheme similar to
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Walker and Humpherys (1983) to account for variable boundary con-
ditions. The modifications for the intermittent case were as follows:
(i) wet and dry sections of a furrow were considered separately, in-
take parameters for the dry section were identical to the continuous
case, whereas “wet” parameters were those measured in subsequent
surges; (ii) a constant time-shift equal to the “on” time (i. e., half cy-
cle) was added to the elapsed time for all subsequent surges. The use
of a fixed time shift is different from Walker and Humpherys’ (1983)
scheme which used the total elapsed time from the beginning of the
irrigation (first surge).

The proposed modifications are supported by experimental evi-
dence (Silva 1995) showing that the initial water content near the
soil surface at the beginning of each subsequent surge was almost
identical. An example of changes in water content, matric potential
and infiltration rates during intermittent application in a short fur-
row (2 m) on Millville silt loam is depicted in Fig. 2 (Silva 1995).
The repetitive pattern of drying during the “off” phase of subsequent
surges justifies a constant, rather than cumulative time “shift”. Ad-
ditionally, very similar final infiltration rates were measured which
may be represented by a single set of “wet” parameters for subse-
quent surges. Finally, we note that the performance of the predictive
model was insensitive to the time shift whose main effect was to re-
duce the highly transient infiltration rates associated with short times
(Fig. 2-c).

Results and discussion

Advance rate predictions – continuous flow

Five case studies covering a wide range of soil infiltration
parameters and inflow rates were tested. The comparison
results for continuous flow are depicted in Fig. 3 (the pa-
rameters are given in Table 1). The performance of the pro-
posed method (thick line) in predicting advance rates was
satisfactory. It provided advance rate predictions that sim-
ulated field data (full circles) as well as the kinematic wave
model (connected pluses). The performance of the analyt-
ical solution of Philip and Farrell (1964) based on Philip’s
equation (open circles) performed exceptionally well con-
sidering the simplifying assumptions made in its deriva-
tion. The Kostiakov-based solution (not shown) performed
well for short distances, but in general tended to over-pre-
dict advance and thus will not be discussed further.

The exceptional predictability of advance rates based
on intake information only, as demonstrated by the newly-
proposed method and by Philip and Farrell’s solution, em-
phasizes the dominant role of the infiltration process in sur-
face irrigation. Considering the large spatial variations in
soil intake properties (and other uncertainties), detailed nu-
merical modeling may not always be needed, and our pro-
posed simplified method should perform just as well. The
main value of the method is in its modest parameter re-
quirements and simplicity, while retaining the main fea-
tures of the physical process.

Advance rate predictions – intermittent (surge) flow

The performance of the proposed method in predicting ad-
vance rates under intermittent applications (surge flow)
was tested using three different data (Table 2): (i) Flowell
wheel-furrow data (Walker and Humpherys 1983); (ii)

Fig. 2 a – c Temporal changes in near-surface a matric potential; 
b water content; and c infiltration rates under intermittent applica-
tion (60 min cycle) in a 2 m furrow on freshly-tilled Millville silt
loam soil (Silva 1995)
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Millville silt loam wheel-furrow reported by Coolidge
(1981); and (iii) data measured in a non-wheel furrow on
red-yellow Oxisol from central Brazil (Oliveira 1 1989).
The main difference between the wheel and no-wheel fur-
rows is in the reduced intake properties in the trafficked



furrows. The results (Figs. 4 and 5) show reasonable agree-
ment between measurements and predictions made by the
proposed method. In some cases, the extension of the wet-
ted area continued during recession, a phenomenon not ac-
counted for by the proposed model which assumes instan-
taneous recession. In contrast, the kinematic wave model
provides estimates for this phenomenon. To generalize the
results depicted in Figs. 4 and 5, the empirical parameter
updating scheme should be replaced by a physically-based
one.
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1 Oliveira, C. A. S. 1989. Surge flow irrigation in a yellow-red Ox-
isol (internal report). CNPH/EMBRAPA, Brasilia, Brazil

Fig. 3 Predicted and observed advance trajectories for five data sets
(Walker and Humpherys 1983), kinematic-wave solution was ob-
tained using SIRMOD (1989), and other prediction methods ex-
plained in the text



Advance under spatially variable intake properties

In many fields, intake properties vary in space (Bautista
and Wallender 1985) thereby limiting the applicability of
models which assume constant intake along a furrow 
(Philip and Farrell 1964). The proposed method (Eq. 2) can
accommodate spatial variations in intake properties along
a furrow (Wallender 1986), or temporal variations in in-
flow rates. To illustrate advance trajectories in a spatially-

variable field, we constructed a hypothetical 240 m furrow
made up of four sections (each 60 m long) each with dif-
ferent intake properties. For the simulation, a furrow with
intake data for wheel and non-wheel Kimberly (Table 1)
were assigned to alternating sections (as indicated). Ad-
vance in the simulated furrow for a constant inflow rate
q = 0.12 m3/min is depicted in Fig. 6. The simulation re-
sults indicate faster advance rates on the “wheel” sections
(as expected for low intake sections), and considerably-
slower advance on the “non-wheel” section between 120
and 180 m. The advance was stopped completely at 120 m
for nearly 30 min while infiltration rates on the wet por-
tion of the furrow diminished to produce sufficient “run-
off” (i. e., qin-∫i[x,t-ts]) for further advance. Given detailed
information on the spatial distribution of intake properties
the method may be applied to an unlimited sequence of
variations. Although this feature was not tested with field
data, it is reasonable to expect a similar correspondence as
found for surge flow tests with variable boundary condi-
tions.

Interference of intake properties from advance 
information

Analytical solutions such as Philip and Farrell’s (1964) of-
fer a means for revealing relationships between the most
important controlling variables, i. e., soil intake properties
and inflow rate. Such solutions can form the basis for sto-
chastic analyses of advance rates, considering infiltration
parameters as random space functions (Jaynes and Clem-
mens 1986; Renault and Wallender 1994; Or and Walker
1996). Another practical application of analytical solutions
is for solving the “inverse problem”, i. e., inferring soil in-
take properties from advance rate information (Renault and
Wallender 1991). To illustrate this point, we considered
Flowell non-wheel furrow data (Walker and Humpherys
1983). A nonlinear regression procedure was used to fit the
Philip-based analytical solution (Eq. 7) to the measured ad-
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Parameters Flowell furrow Kimberly furrow Benson
2-2-1

Wheel Non wheel Wheel Non wheel

Inflow rate (m3/min) 0.120 0.120 0.090 0.048 0.068
Length (m) 360 250 360 360 625

Modified Kostiakov-Lewis:
k (m3/m/mina) 0.002800 0.002170 0.008840 0.007010 0.018000
a 0.534 0.673 0.212 0.533 0.020
fo (m3/m/min) 0.000220 0.000222 0.000170 0.000170 0.000100

Kostiakov-Lewis:
k (m3/m/mina) 0.003060 0.004570 0.004930 0.006230 0.011500
a 0.625 0.597 0.459 0.600 0.206

Philip:
S (m2/min1/2) 0.003000 0.002890 0.004370 0.007490 0.003130
A (m2) 0.000247 0.000412 1.0E-08+ 0.000236 1.0E-08+

+ An arbitrary lower limit

Table 1 Input parameters for
continuous flow case studies

Fig. 4 Measured and predicted advance trajectories for 80-min cy-
cled surge flow, measured data (full circles) and kinematic-wave so-
lution (pluses) from Walker and Humpherys (1983), the proposed
method is denoted by a thick line
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Fig. 5 a, b Measured and pre-
dicted advance trajectories for
surge flow a in wheel furrow
on Millville silt loam soil (80-
min cycle time, 1⁄2 cycle ratio),
and b in non-wheel furrow on
Red-yellow oxisol (45-min cy-
cle time, 2⁄3 cycle ratio); meas-
ured data (full circles) and the
proposed method is denoted by
a thick line

Parameters Flowell wheel Millville wheel Oxisol non wheel

Inflow rate (m3/min) 0.12 0.018 0.11142
Length (m) 360 100 80

Dry Wet Dry Wet Dry Wet

Modified Kostiakov-Lewis:
k (m3/m/mina) 0.00280 0.00459

0 0
a 0.534 0.356
fo (m3/min1/2) 0.00022 0.00018

0 0

Philip:
S (m2/min1/2) 0.00280 0.00112 0.01268 0.00899

0 9 3 5
A (m2) 1.0E-07+ 1.0E-07+ 0.00251 0.00118

0 9

+ An arbitrary lower limit

Table 2 Input parameters for
surge flow case studies



Fig. 7 a Estimated Philip infiltration parameters from Flowell non-
wheel advance data by the “inverse” method (using Eq. 7). The “di-
rect” predictions were also obtained by Eq. 7 using the reported in-
filtration parameters (Table 1). b A comparison of cumulative infil-
tration functions for Flowell non-wheel for “direct” and “inverse”
parameters

vance trajectories. The resulting best-fit parameters S and
A were denoted as “inverse” whereas original parameters
(Table 1) were denoted as “direct”. The excellent fit to ob-
served advance rates is evident in Fig. 7 a. Also included
in Fig. 7 a are predictions of advance trajectories made by
using the “original” parameters in Eq. (7). A comparison
of cumulative infiltration based on the two sets of param-
eters show little differences between the curves (Fig. 7 b).

Summary and conclusions

A simple method for predicting advance rates in continu-
ous and surge flow irrigation using only infiltration infor-
mation was presented. The method was also tested under
hypothetical conditions of spatially-variable intake prop-
erties. It may be viewed as a differential form of the Lewis-
Milne equation using a fixed time step rather than a fixed
spatial step, and ignoring surface storage. The reasonable
predictability of advance trajectories based on infiltration
information only emphasizes the critical influence of soil
intake properties on the performance of surface irrigation
systems. Simplified solutions, such as the proposed
method, may be sufficient for solving practical problems,
particularly when considering the large spatial variability
in soil intake properties and in other parameters used by
advanced numerical models.

Several analytical solutions with parameter require-
ments similar to the proposed method were re-evaluated.
Analytical solutions offer practical tools for stochastic
analyses of advance rates and evaluation of their impact
on irrigation uniformity and efficiency under more realis-
tic conditions than those usually considered in determin-
istic modeling. A simple application of analytical solutions
for the inference of intake parameters from advance rate
information (i. e., the “inverse problem”) was presented.

The proposed method was tested successfully for inter-
mittent water applications (surge flow). While surface stor-
age seems to play a negligible role in determining advance
rates under continuous flow, it becomes more important
for surge flow conditions. A scheme for updating intake
properties to account for changes in initial (or boundary)
conditions was outlined for Philip’s infiltration parame-
ters, but was not tested due to lack of data.

In conclusion, the proposed method offers flexibility in
handling spatial variations in soil properties along a fur-
row (or a basin) and can handle variations in inflow rate at
the field’s inlet. The intake and inflow parameters required
by the method are simple and may be obtained by practi-
tioners using either direct measurements (infiltrometers),
or implementing “inverse” methods to infer intake from
observed advance.

Acknowledgements The partial support of the Utah Agricultural
Experimental Station (UAES-324), and a grant from the University
New Faculty Grant Program (Utah Mineral Lease – AP79404) are
gratefully acknowledged. We thank C. A. S. Oliveira (CNPH/
EMBRAPA) for providing the red-yellow Oxisol data. We also thank
CNPH/EMBRAPA and CNPq (Brazil) for providing partial support

166

Fig. 6 Simulated advance in a furrow with variable intake proper-
ties data are based on Kimberly wheel and non-wheel furrow as-
signed to alternate 60 m sections
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